Lecture 21: More on aqueous reactions; another look at ligand binding 211
Midterm coming up Friday, Oct 29. Formula sheet; fact sheet.

Let’s see how this works in the Gibbs representation:
Consider the general case vjA+vgB+--- < vcC+vpD+---

Recall from your homework that G(T.P {N,,}) = 3 usN,, with ua(T ,P,{N B }) and
a
dG = -SdT + VdP + Y u,dN,. A single “click” of reaction takes V4 A’s and Vg B’s from the left
a

and adds v~ C’s and vp D’s to the right (or vv). At constant T and P, that produces a change

AG =~(vqup +vgug +---=vcuc —-vpup —+++). At fixed TP, the function G goes to a minimum.
Thus, if AG is negative, i.e., the net contribution of the reactants exceeds that of the products, then
the reaction proceed to the right. Alternatively, if AG is positive, the reaction proceeds to the left.
Thus, the sign of AG determines the direction of the reaction. As the reaction proceeds towards
completion (always at constant T,P), the chemical potentials change (because the {Na} are
changing) until equilibrium is reached, at which point AG=0, i.e.,

VAUA +VBUR +--=VcUc +VpUp + -+, giving back the equilibrium condition from another point
of view.

Note: This leads to the statement that AG is the “driving force” towards chemical equilibrium, just
as AE is the driving force towards mechanical equilibrium.

Comment: This language assumes—as is usually the case—that the reaction takes place sufficiently
slowly (i.e., quasistatically) so that the system remains effectively at equilibrium as it runs downhill
towards equilibrium, thus allowing free energies (and other thermodynamic quantities) to be defined
at each point in time.

Rate constants and approach to equilibrium in aqueous solution: (PK'T Ch. 15 preview)
Consider A+ B <> C. Imagine that we start with a container of volume V filled with water and kept

at temperature T. At time t=0 we putin N 9\ ,Ng ,Ng as solutes and mix uniformly before any
reactions begin (not entirely realistic). At time t=0, we “turn on” the reaction and ask what happens.
The rate at which A+ B — C is proportional to n (), ng(t), and V, so we expect on a

phenomenological basis (and for low-density/ideal-solution conditions) that:
e The rate at which A and B molecules disappear and C molecules appear is k,Vn 4ng and
* Conversely, the rate at which C molecules disappear and A+B appear is k_Vn .

The coefficients ki(T) are called the forward and backwards rate constants.
d]V—A=d]V—B=—k+V}’lAnB+k_VnC —=—=—k+l’lAl’lB+k_f’lc,
Thus, { & d or dividing by V § df ~ di
d—c =-k_Vnc + k,Vnynpg =€ . —k_nc +kynsng.
t

Equilibrium: Once at equilibrium the particle densities no longer change, so we read off,

n k . k +

—k_nc +knang =0=—C—==* from which we conclude Kyy=—,
nang k_ k_

i.e., the ratio of the forward and backward rate constants must be equal to the equilibrium constant.

Approach to equilibrium:

The generic problem is to follow the time-course from the initial numbers {Ng} or densities {ng} to

the final equilibrium values {Né },{né } .

I’m going to give you this on the next problem set, but let me help you set up:



At first, it might seem that there are three nonlinear equations to solve. But, notice that there = 21.2

- myg=ny+nc . . . .
are two conserved quantities: . This is clear from the equations of motion. It is also

mp=ng+nc
clear that if we think of C as AB, then m,, is just the total number of a-type particles, free+bound. It

. |na=my—-nc o . . dne .
follows that we can write . Substituting these into the equation for —= gives,
ng=mpg-ngc dt
dn S . . .
TC =—k_nc + ky(my —nc)(mg - nc)., which is a soluble first-order nonlinear equation.
t

Our aim is to solve for nc(r) with the initial condition n¢(f =0) = n.

Another look at Ligand Binding

We have now done three approaches to the ligand binding problem. n; = %

1. Lattice model, canonical approach (Lect. 11—12).

PB _ cr, _ ny
(l—cL)e_ﬁ(Ss_gB) +cyp cp small o Plesen) .
1%
2. ldeal-gas/ideal solution model (Problem Set 3). Pp = ﬁ e ngL) (I’ve added in the &.)
- ~°B
s +ng
M1

3. The chemical reaction version of 2 (Tutorial 7).

I now want to do the same problem by still another method (PKT Ch. 7):
4. Particle contact and the Grand Canonical Ensemble:

Claim: A small system in thermal and particle contact with a bath at T ,u is distributed according to the

_L(En_:uNn) _L(En_.uNn)

kT ,ie., P, = ﬁe kgl where the

(Et) o
=Ye" "B Z(T.N).
N

Grand canonical distribution P, ~ e

1
normalizing factor (“Grand partition function”) is & Ee ksl
n
(I am leaving out the V variable, which may or may not be present—and won’t be in what follows.)

I want to apply this principle to the receptor site only, thinking of it as in thermal+particle contact with
the “bath” of surrounding solute particles:

This receptor has only two possible microstates, the empty state (R) with energy Ex=0 and particle
number Ny=0 and the occupied state (RL) with energy E;, =¢; (<0) and particle number Ny, =1.

1 u
1 1 -——(e =
T R——— Sl P
Thus, 2= Je "B =1l+e "B and Pp = 1 =
n=R+RL —(ep-n) &2 A
I+e kT kBT 4 ksl

To turn this into a calculation, we still need to know the chemical potential of the reservoir. But, we

3 M &
nyA
calculated that back at Lect. 20.3, where we derived u=kgTln L—éh’L = Ml _p L)\.:?h L€ kgl ,
__Ss
kgT

e
where I have assumed no internal states of the ligand (z=1).
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Substituting gives Pp = as before. 213

+ny
Kah.1
The advantage of this way of doing things is that it separates the ligand degrees of freedom (many) from
the receptor degrees of freedom (few), so when we look at complex and cooperative receptors, we don’t
have to worry about the ligands.

It is sometimes convenient to think of this calculation in terms of a simple 2-state variable o =0,1 where
0 corresponds to the empty receptor and 1 corresponds to the bound receptor.
In this notation the Grand canonical exponent E,, —uN,, =0 for 0=0 and E, —uN, =eg—u for o=1,

so we can label the two microstates by o in place of n and write (E - MN)(O') =(eg —wo. Thus,

1

- (En_AuNn)

E= e kgl = Ee_ﬁ(gB_M)o=1+e_ﬁ(£B_M),SO Pg=P;_; = —
n=R+RL 0=01 =

Here, this all amounts to a minor change of notation; but,...
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